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1. 2911 Structural Analysis
Analysis of indeterminate structures by elastic load method, methods
of slope and deflection, moment distribution, strain energy;
influence line of indeterminate structures; introduction to plastic
analysis; approximate analysis; introduction to matrix structural

analysis.
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J g Equilibrium

quations

External Forces = Internal Forces

Equilibrium SF« =0 SFy = 0 SFz =
External Forces = External Forces

COnditiOn (Action) (Reaction)

SMx = 0 My = 0 XMz
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Beams, Trusses Frames
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LATRINALAZIBIALATIZI

STATICALLY DETERMINATE STRUCTURES = Unknown < 3 =  Use Only EE

STATICALLY INDETERMINATE STRUCTURES= Unknown > 3

=> Call The unknowns exceed 3 ,’Redundant

/7

=> Degree of indeterminacy are amount of
redundant



LATRINALAZIBIALATIZI

Internal Forces Deformation
(Shear, Bending Moment, Reactions) (Rotation, Deflection,
Drift)

SDS EE, Y Fx =0 JFy =0 SM =0 McCaulay’s Method
Moment-area Method
Conjugate-beam Method
Virtual work Method
Castigliano’s Theorem

—_

SIS Consistent Deformation Method Same as SDS
Elastic Load Method, Strain Energy Method
Theorem of Least Work, Column Analogy
Three Moments Equation Method _
Slope-Deflection Method
Moment Distribution Method
Approximate Analysis ——  For Horizontal Forces

— Plastic Analysis Method
Matrix Method

—Force Method

With EE —
} Displacement Method




TRUSSES

/ Roof Truss
N |
Bridge Truss

Plane Truss
Type of Trusses

| Type of Tusses RS

1% Qg/ ] 4" o 4" 1 3 o = o 4" =~
1. Biuwounureviae@udauinuiuiqess agsavsase1ssaLiuiqa AL
Assumption 2. qasipazsedludusaRlnzausuiean

v

3. wpngEvnIeuen e ReINIginyiqasieinii

Stability and Determinacy(or Indeterminacy) Conditions

Stability Condition: M > 2j-3
Determinacy Condition: M = 2i-r —> M = 2/-3
Indeterminacy Condition: i = M—=(2j-r)
M < 2j-3 —> Tassas19lasiung
agil- M = 2j-3 —  Tasvasnduasuazilummasitum
M > 2j-3 s lasvasresiuaaiuuazituduainasiium

Method for Analysis Indeterminate Truss

Unit Load Method for Singly-Redundant Truss

Theorem of Least Work






BEAMS

Method of Least Work

Assumption: Tassasielagnlaifinisadunlrnasnsassy wazlifinisilasugiliiasann
anugiingatas mlinsruArgIuiu(Redundant) azvinlunaiany
azdanngly(The internal Energy) ﬁmﬁ’@ﬂmquﬁw‘i'\qm

From

From Castigliano’s Theorem Assumption

>

p
|

=
S~

Q

O
>

Witii Py, =V, —_— A, = OW/OV,



> 60 kg

Let Xs as redundant

OB = OU/OXB

From Theorem of least work

=0

S NUAEJN/OX1 = o

E=2x10° ksc

D
60 kg

o ra
Ny % 8
g <
A (65) B (69 C
% 900 7
' 3 . ~ 34

N
Ne g

B 60 kg
A 77,777,
Xs

member
A N ONQXe  INLAEQN/OXs
BC 60 +20 0 0
CF 50 -100/3 0 0
BF 50 +5/3(20-X1) -5/3 -25/90(20-X1)
CE 40 +4/3(X1) +4/3 +16/90(X1)
FE 30 +40 0 0
FD 50 -5/3(X1) -5/3 +25/90(X1)
ED 40 +4/3(X1) +4/3 +16/90(X1)
-500+82(X1)
104+1203Xe = o
E
Xs = -8.65kg.
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6+x -80(3 + X) + VgX

120 nn. 80 nn.
3.00 3.00
% o o
M Z T 1
Ag n D /\ B E
7 T 7
6.00 6.00
El ﬂ\iﬁ‘m@'ﬂﬂﬂqu El ﬂ\iﬁm@'f]ﬂﬂqu
Va Vg
19CEMx G C  wld M = \/C X
$20 EBaX 5uit E wig M= VC (34 x) - 80x
$1BD X 5uii B wld M = Vo
FNDAM XGUR D wld M =

4. Partial derivative aunsdeuy Taaeuny \/B nay VC

x dM/dVe

M VX dM/dVc

6. udannig 2 fu azlaan

VB Lm\éc

7. ufaunisannatl usINLAL VA LL@MA

VC(9+x) -80(6 +x)+ Vgt X) - 120x

5. Use of Castigliano’s theorem

dM/dVc
dM/dVs

0
0
= 0



Method of Three = Moment Ecuation _
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800 nn.
240 nn./A.

| 6.00 400 | 1.50
160 Nn./A.
=2 ] AN SRR
Ao FRmnenmmn Y v y
A IEE] AN 101 CLN., 2 L\D E
Lo 6.00 12.00 6.00
(M) ATURNHAYLA
°L1 %iﬂ'l-hflﬂall A lﬂllililﬁln {Iﬂiﬂlﬂl mum ﬂﬂh ill AN a"L A EI{H‘IM
2400 .- Aliiamuen L, wazimluwusdumaidy 1 =
1080 NN.-u. 960 NN.-4. J "’
A 2= 14400 HEE1AA AT U0 1677 Mg, = 0 uaz Mp = -360 A
A 4= 4320 A 4= 2880 A0
| | | e F79071 A A uaz AB
3.00 3.00 6.00 6.00 8/3 10/3 o
| | | | ) .
SR B 6 | (6 6(4,320)(3)
e G
2880 NN.-H. B ll.__\_ G-':_/.' | o :I,-! V31 &(31)
w311 AB uaz BC
A 3= 23040 .
(6 (6 12 (127 6(4.3200(3)  6(14,4000(6)  6(23,040)(6)
M | — | + Mp|—+— | +M | — | = - - -
Al 3L 101 \ 101 6(31) 12(101) 12(100)
6.00 6.00
! b gqamiu BC wsz CD
1) daluianlugnsnnu Ifli “-i | . Iﬁlﬁ.\i  6(14.400)(6) 6(23,040)(6) 6(2,880)(10 3)
M_|— |+ M| —-I—— -I—HID— = - -
Bl | \1o1 21 |21 ) - 5 a
_ s 10T WS 120100 1Z2(10L0 a2l
/A5—108
36 A 360 nn.-4! e virunisier azld
_ B A= 1080
1472 nn.-4. :"'[;l‘- — '36':' F151.43
-2152.8 NN.-d. <
- o _ M = 21528 f17.-3
ﬂ) ml‘umummmqmmm E
M = 14724 a1




Slope-Deflection Method

. o a = 1 [~] Qs 1 1 & a 1
Assumption: rmuslunisidagugiuaddassasanaesaiduslaingiuA wazasanyagiulaen

' [% [% ° o al a 0 [ = qald:g P= [y
Vgﬂ’ﬂﬂﬁlﬂ‘ﬂﬂﬂﬂﬂﬂﬁﬂ Qgﬁlﬂ\?rlgld LWﬂ\?WﬂV]Q%ﬁI?\ﬂ:V]HN@qﬂ“ﬂﬂﬂ‘ﬁuaquqﬂﬂﬂlauaﬂﬂu

Livaauan
As mentioned earlier, it is a displacement based analysis for
indeterminate structures - Unknown displacements are first written in
terms of the loads by using load-displacement relationships; then
these equations are solved for the displacements. Once the
displacements are obtained, unknown loads are determined from the
compatibility equations using load-displacement relationships.
- Nodes: Specified points on the structure that undergo displacements (and
rotations)
- Degrees of Freedom: These displacements (and rotations) are referred to
as degrees of freedom




Slope Deflection Equation

Consider portion AB of a continuous beam, shown below, subjected to
a distributed load w(x) per unit length and a support settlement of A at
B; El of the beam is constant.

(i) Due to externally
applied loads

(ii) Due to rotation 6,
at support A




(iii) Due to rotation

6, at support B

A N e
(iv) Due to differential e e “\\ ____________ \
settlement of A (between A W ‘‘‘‘‘‘‘‘‘
and B) | L
|
M, g =FEM) ,p +MYp +M'%p +M%s = FEM) g
2E1 6 4 6EI A 2EI 2o ) 3A S
+ - = + - —) +
L 12 L A B L AB
Mp, =@FEM) 5, +Mp, +MPph, +MPg, = FEM g,
4E1 6 6EI A 2EI o - 3A R
+ - = + - —) +
L 12 L A B L BA

""sa=(4EI0g)/L

4.4.1(2)



900 nn.

AN

MAg

A D
V777777777774 bz
7.20 4.50
4 5
El ANAaanA71% El AYNRanATY
|74
VA VB c

= . j_i‘ . ' . T s ___:_’-:r_;Lll__ "o |_q_____:_,f’q
PNMIATIVFOVADIAY NUTA IR  ABC Rwmezs UAn SNITUATNI AR ALV EIT 83N THNAS

A - S8 = = 1 3 -
Oguaz B, wiz B4 = 0 deowwmlawA dunisasfuuuudauiy ass@niy ﬂ.ﬂB =
ﬁEC =0 nm::lhjﬁ-‘ﬂﬁgﬂﬁwaﬁiadi‘ma'i__-"'n__
e a1 FEM gmusanszsiusazgiaane A4l
FL 900(7.2)
FEM g = - — = ——— =  -810 An-a
y . ;
FL
FEMyg, = +— = =810 fn-
8
WL 40004.5)" .
FEMpy = - = -—F = #75 -
12 12
WL _
12
e finsmn1ssuaadiigana
1AABE; Mpy T Mpe = 0 ()
1FacC Mep = 0 W)



e diaunuAE1e 9 adlugunisves SLOPE - DEFLECTION 124

Mg = -810 + ?q[_eE_]
Mg, = 810 + iE:[:BE_]
Mpe = -675 + jiIIIEBB-i-ﬁCJ
Mg = 675 + jiIIIEE+EBCJ
e B3 = 165.23 / EI
6 = -842.75/ EI

e mmfmiwfhﬁB TEEL S Soundulimuadluanms SLOPE - DEFLECTION Snnds
CERE

¢
2EI | 165.23 |

M,g = 810 + —| = -TB410 fn -3
2 I'k :EI /_.
2E1 . (16523
Mg, = 810 +—(2)|—=|= 90223 An.-1.
: 72 | EI
__ or1 | 2(165.23) 842,75 |
:"'IEC = G775 = - - — = -90223 nAn-i
4.5 El S8

_ oE1 | (165.23)  2(842.757]
= 675 - { I =0 AR -1,

4.5 EI e

Mg



Moment Distribution Method

. v ax . a oo a a 1 B @
Assumption: Waiuxnanis Slope Deflection Rarwmusliunisilasugilualassasrsnqnsailuaa
1 1 1 1 3 o 1 a [ -3 1 Y
lansua  winsmiaasAlsznaurasinunlatass ganilasuldaglugduasuianas wasilaaslndu
Usngaanundiazsau Ieeuannis “Gamulu AansdaAuazdanwuuan” aundiazlameansulauaz

anAasIINAgn Fixed-End Moments
STEPS FOR MOMENT DISTRIBUTION NE : 2 ) i
(i) Due to externally applied loads , with all joint =5 i L u
rotations restrained , Find FEM —_ : .

w02 a ?az +wa] a
= Q=g e o B Ty
{6 a [-} 121[ 31)

(ii) Relative rotational Stiffness Factors (S): 4El/L \ . Z rah-'f
stiffness : Carry Over Factor : + 0.5

Distribution Factors : Dg, = (Sg,)M /3Sg;

(iii) Distribute the balancing moment :
As in table



Example

800 720 nn. 240 nn
nn.
240 nn./a. 160t/ 6.0 ‘l 4.0 | 1.50)
(0] |
A A A A
< 6.0 ple 12.00 < 6.0 >
(0] (0]
0. 0. 0.
— : — : —s :
DF 1 0.375 | 0.625 0.714 | 0.286 11
FEM -720 +720}-3120 +3120 |-640 +320 |-360
Locking Moment |+720 +2400 -2480 #40
Bal. M +720 +90 |+1500 %47% -709 +40
CoO. M +45o% %360 -885 +750 |+20 %-354
Locking Moment |-450 +5p5 -7Fo0 +3b4
Bal. M -450 197 |+328 -550 | -22 +354
~ CO.M +99 5r225 -275 E gﬁ +164 +177E ﬁ 10
Locking Moment | _.g9 +5bo -3h1 +1ho
Bal. M 99 +187 [+313 E % -244 }97 Egmo
CO.M +94 -49 |F122 +156 | +55 -49|
Locking Moment |94 +1|71 -2111 +4;
Bal. M 94 4H107 -151 |60
 Totalnd momens | o -@m
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AdHftages :

1. Useful in determining FEM for beam element with constant or variable moment of inertia.
2. Useful in complete analysis of symmetrical or unsymmetrical rigid frames, either two

fixed supports or one closed cell.

g
S U it a b I e Ty p e Of WF beam w/cover plates Frames

Structure mm) ’ @
B Box Girder

Closed cell structure

{

Unsymetrical Frames

Haunched beam
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INFLUENCE LINES ~-°-

INFLUENCE LINES FOR S.D.S

THE MULLER-BRESLAU PéRINCIPLE _

”Lﬁlﬁﬂaﬁwmmﬂ'ﬂm(reactions,g shear & bending moment) lulpfaiNAmasiLm a
= 1 = [ : Y] aial ai di
Huwauazginsadupaaiuiuuuduazginieeslana i Adnnulasuulaauiiasainnig
f;m@mmmmmmﬁiﬂmiﬁwumﬂymﬁiwjﬂqmﬂmimw FogAnRuIAWNaL 1 uidog”

C
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Example
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INFLUENCE LINES FOR S.1.S




Qualitative Influence Lines and Loading Patterns for an Multi-span Indeterminate Beam
Influence lines for reactions

A B C 0 3 F
| |
== L, == L == el == {1 Figure 1- Structure with support reaction removed,
- . unit deformation applied, and resulting influence
A +"~. B [ --5=-0 E__* __F line
: O ==z --"T0 o-===---0 e
Re A B -" +H ) _| Eq ) 1T~ F __+ F Figure 2 - Structure with support reaction
Co=oo=="1" T === 10 =0

removed, unit deformation applied, and resulting

. influence line
Influence lines for shears

o Ny I%I ) 0 ) 0 ] Figure 3 - Structure with shear carrying
o capacity removed at section $1, deformations
Ta =l & r_-Y__ E +* applied, and resulting influence line
I o=, B B el & B D

Influence lines for moments

A L. B C D E
=l =l = — — Figure 4 - Structure with moment capacity

removed at section S1, unit rotation applied, and

MoA . T c + c resulting influence line
51 == 8 i ——— g e
A <D C D E i‘
=l e e ety ey Figure 5 - Structure with moment capacity
. removed at support B, unit rotation applied, and
Mg A i e E __*t __F resulting influence line
= P _-- 0 O====- » S



The load cases are generated for the maximum positive and negative values by placing a distributed load

on the spans where the algebraic signs of the influence line are the same. i.e., to get a maximum positive
value for a function, place a distributed load where the influence line for the function is positive.

A B C D E F

' I51 O O O o] (] Figure 6 - Multi-span structure

A B EH”””}D EW . . i .
R &I TITEEY N
A+ 5 5 5 ! Figure 7 - Maximum positive reaction at support A

= e e —

Rk&. mil Figure 8 - Maximum negative reaction at support A
A ] 0 E F
RH,L, il l * J’ *io_ﬁ,* { H *i 7 Figure 9 - Maximum positive reaction at support C
- AW B ( 0 3 F
‘ = =0 = — mil Figure 10 - Maximum negative reaction at support C

M+ QA QE EE‘ I ” 1 ”gl 4 Eé I I i I IH Figure 11 - Maximum positive moment at support B

mElHJ;HﬁHIHi i””””f i

o —1 Figure 12 - Maximum negative moment at support B

Hsﬁi. .—'L_}i .—Ei_i—. .—l_LD. E& lF Figure 13 - Maximum positive shear at s
A B C 0 3 F
usrﬁm imui W

= L. Figure 14 - Maximum negative shear at s

H&W; W;ﬂ MF Figure 16 - Maximum positive moment at s

—_ N e

A
Msy- 0 o] il Figure 17 - Maximum negative moment at s
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Qualitative Influence Lines for Frames




PLASTIC METHOD

Closetof, Veryclosetof, f,

______________________________________________________ L

SECTION Elastic Range Elasto-Plastic Range Fully

f = Mgl = M/s f, = M,

Plastic Range

/2,

w, / w Load Factor 1T

ElasticMoment M = % b h/Z 2/3 hfy = 1/6 bh?2 fy ‘O'
Plastic Moment Mp = b h/Z Ve hfy = 1/4 bh?2 fy “O'

Rectangle: f =1.5,

Circle: f =1.698;

Diamond: f=2.0;
Steel I-beam: fis
between 1.12 and 1.15.



COLLAPSE MECHANISM

A structure is deemed to have reached the limit of its load carrying capacity
When it forms sufficient hinges to convert it into a mechanism with consequent
Collapse. This is normally one hinge more than the number of degree-of-
indeterminacy.

Stress up to
yield point

Plastic Hinge

Note that once the plastic moment
capacity is reached, the section can
rotate freely —that is, it behaves like a
hinge, except with moment of M, at the

Plastic
Hinge

hinge. This is termed a plastic hinge, and
is the basis for plastic analysis. AT the
plastic hinge

stresses remain constant, but strains and
hence rotations can increase.

Elastic Moment of Resistance mp W

Plastic Moment of Resistance g W




The moment applied-to-the cross section has
ﬂb@e@\pmmmh@ the Geads

ipReatsusthERabyllthieregdalid® | stress-strain
ragsvEectigiearematerial  cannot | sustain  a
atsirieddopbepss Thin iy kaamadethe the fibres at
lessiGidioment Hadrasibgredsdbenwards
$QEP4kds the centre of the beam. Thus over the
cross section there is an elastic core

and a plastic region.
%ue to strain hardening of the

k‘\ material, a small amount of
S

extra moment can be

m“%stained.

HP Y PR R N P
Ib JUDL DUIIILICIIL Llldl. (11

yield stress of the magerial is reached at

The appliedhaoumentrastsibres of\the cross-section. All
stresses ovetHéestressesertite crops section are

that are alllgsstit@nttieyield stresg. This is limit of

yield stress;ghtha aiesphn elasfic analysis and of
elastic design. Since all fibres are elastic,.

en




Full Plastic Minimum number of hinges required ad,+1) = 1

Partial Plastic
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Example : Determine Mp if 24.0 kN is collapse load.

24.0 kN

A C

A:- B ’_Ar
e 6.0 - |

Mp

PmjuwaTemn

Mg

\mwmtﬁf{ﬁr;aw?ﬁ

detiTunnAnmedn

Mp~

~ - -

The collapse load = 24 kN

The number of hinges required to induce collapse = (I; +1) = 2
V, = 8.0 kN, V. = 16.0 kN

My, = Mg = Mp

(MB + 0.333MA) = (Mp + 0.333Mp) = 1.333Mp = 32

So Mp = 32/1.333 = 24 kNm

DV WN R



P >
=
5
e

ga - —3
o C ' & a2
Ma = 3PL/16 po 73 ‘%

Mc = 5PL/32




Approximate Method

Vertical Loads mmm) Gravity Method wmmm) Concept of Inflection points

Concept of Inflection points

Horizontal Loads === Portal Method === . . span or mid height

Cantilever Method == Concept of stresses in beam

1. Sideway occurred very fast from lower to upper storey. Every connection joints will rotate clockwise.

2. End moment of columns will counter clockwise, because of horizontal shear forces must be right to left.
Only one Inflection point occurred in column.

3. End moment of beams will clockwise, only one inflection point occurred.

el

i

_1()
. ; / : ‘
— e

LY /77 SILTT7. 7




GRAVITY M

By adding hinges equal in number to

and

The structure convert to primary structure
Then we can anaLyze by statics.

The degree of indeterminacy,

T
LI //
L

gwL’/128 0,251

-wlhs
P
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(For Continuous Beam)
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(For Rigid Frame)
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|-':
Column stiffness = 1_/h (C)

Girder stiffness = Ig/ L (G)

) > (G) FEM of Girder = 70-85% of the end moments in
flc A fixed end beam of the same span.(l.P = 0.2L)

FEM of Girder = 15-25% of the end moments in

A fixed end beam of the same span.(l.P.=0.1L to 0.15L)

If (G) > (0



Example Analyze the building frame shown in Fig. for vertical loads using approximc&t;ﬁ methods.
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Bending moment diagrams
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(prame Method:

x Inflection points are
y _assumed to occur at
the middle points of
beams and columns

P
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D (earlier assumptions

made for partial
»— Moz fixity at base are
also valid) - At any

R :
bz given floor level,

interior columns are
assumed to carry
twice the horizontal

H,, shear carried by the
exterior columns.
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C.G. of Building

Method Il - Cantilever
frame method: Hinges are

placed at the center of each

\ 4

girder and column (earlier

\ 4

assumptions made for partial
fixity at base are also valid) -

\ 4

The axial stress in a column is

\ 4

proportional to its distance
from the cancroids of the

\ 4

cross-sectional areas of the

\ 4

columns at a given floor
level; since stress equals

\ 4

Assumption that a building frame behaves as a cantilever beam

force per area, in the case of

_columns having equal cross-
sectional areas, the force in a
column is also proportional
to its distance from the
cancroids of the column
areas.



These the following steps are for analyzing a frame by the cantilever method :

1.Cut free bodies of each story together with the upper and lower halves of the attached
columns. The free bodies are cut by passing sections through the middle of the
columns(midway between floor). Since the sections pass through the point of inflection,
only axial and shear forces act on each column at that point.

2. Evaluate the axial force in each column at the point of inflection in a given story by
equating the internal moments produced by the column forces to the moment produced by
all lateral loads above the section.

3. Evaluate the shears in the girders by considering vertical equilibrium of joints. The
shears in the girders equals the difference in axial forces in the columns. Start at an
exterior joint and proceed laterally across the frame.

4. Compute the moments in the girders. M=V(L/2)

5. Evaluate the column moments by considering equilibrium of joints. Start with the exterior
joints of the top floor and proceed downward.

6. Establish the shears in the columns by dividing the sum of the column moments by the
length of the column.

7. Apply the column shears to the joints and compute the axial forces in the girders by

considering equilibrium of forces in the x direction.



Introduction to the General Stiffness Method

Stiffness Method (Displacement Method of Analysis)

The displacement method can be applied to statically determinate or indeterminate structures,
but is more useful in the latter, particularly when the degree of statically indeterminacy is high.
In this method, one must first determine the degree of kinematic indeterminacy. A coordinate
system is then established to identify the location and direction of joint displacements.
Restraining forces equal in number to the degree of kinematic indeterminacy are introduced at
the co-ordinates to prevent the displacement of the joints. The restraining forces are finally
determined as a sum of the fixed end forces for the members meeting at a joint. (For most
practical cases, the fixed-end force can be calculated with the aid of standard tables)

Stiffness Matrix [S]

{D}=[S] {- F} -1

The elements of the vector {D} are the unknown displacements.

The elements of the matrix [S] are forces corresponding to unit values of displacements.

The column vector {F} depends on the loading on the structure

In general cases, the number of restraints introduced in the structure is n, the order of the
matrices {D}, [S] and {F} is n x 1, n x n and n x 1 respectively.

The general steps followed in an analysis using the stiffness method are as follows:

o establish a relationship between the element forces and displacements (e.g. between
moments and rotations, forces and deflections)

o Reassemble the elements to form original structure & apply compatibility to the joints.
o Apply equilibrium on the assembled structure at each joint.




Introduction to the General Stiffness Method

Flexibility Method (Force Method of Analysis)

In this method, the degree of statically indeterminacy is initially determined. Thereafter, a
number of releases equal to the degree of statically indeterminacy is introduced, each release
being made by the removal of an external or internal force. The magnitude of inconsistencies
introduced by the releases is the determined. Next, the displacements in the released structure
due to unit values of the redundants are determined. This allows the values of the redundant
forces necessary to eliminate the inconsistencies in the displacements to be determined. Hence,
the forces on the original indeterminate structure are calculated as the sum of the correction
forces (redundants) and forces on the released structure.

Flexibility Matrix [f]

[f ]{F}={D -D}

D represents inconsistencies in deformation while {F} represents the redundants.

D elements represent prescribed displacements at their respective coordinates.

The column vector {D - D} thus depends on the external loading.

The elements of the matrix [f] are displacements due to the unit values of the redundants.
Therefore [f] depends on the properties of the structure, and represents the flexibility of the
released structure. For this reason, [f] is called the flexibility matrix and it’s elements are called
flexibility coefficients.




The general steps followed in an analysis using the flexibility method are as follows:

o The structure is rendered indeterminate by the insertion of suitable releases,and is now called
the primary structure (e.g. insert three releases for a degree of redundancy of three)

o By inserting a release, a condition of compatibility at that point is abandoned. Since the
primary structure is now statically determinate, a solution is carried out and the member forces
are calculated by applying equilibrium conditions only.

o Release forces are introduced in the structure so as to restore conditions of compatibility at
the releases. A complementary solution of the secondary structure is now carried out. Here, the
displacements at the releases due to the release forces only are calculated.

o Next, the solutions of the primary structure and the complementary solution are combined to
give the total displacement at the releases due to both the applied loads and the release forces.
Finally, the member forces in the original structure may be obtained by the superposition
effects from the particular and complementary solutions.

Choice of Force or Displacement Method

In some structures, the formation of one of the matrices — stiffness or flexibility — may be easier
than the formation of the other. This situation arises from the following general considerations.
In the force method, the choice of the released structure may affect the amount of calculation.
For example, in the analysis of a continuous beam, the introduction of hinges above
indeterminate supports produces a released structure consisting of a series of simple beams. In
other structures, it may not be possible to find a released structure for which the redundants
have a local effect only. In the displacement method, generally all joint displacements are
prevented regardless of the choice of the unknown displacement. A displacement of a joint
affects only the members meeting at the given joint. These properties generally make the

displacement method easy to formulate, and it is for this reason that the displacement method
is more suitable for computer programming.




Matrix Analysis by the Direct Stiffness Method

PLANE TRUSS ANALYSIS
I Local co-
A AE constant 8 ordinate
—) —)
f1 é; ‘ f2 6‘2
‘ |
From Elastic Theory:
Ifwe hold 6, = 0 L=<ﬁ=% S, Ifwe hold 6, = 0 ﬁ:,@:f 5
If both 6, & &, are induced, By superposition : % Force- displacement relation
fi =% (6-06,) f, =% (- 6;)

L L

Weriting in Matrix form: Element displacement

vector
f, 1 AE ! 1 57 symbolically -
=| A (1o
P L, s, —) {1 I
Element force Element
vector stiffness matrix




Global co-
ordinate

Ifonly A, occurred 0, = A, cos(X’X)

If only A, occurred )

1

A, cos(X’Y)

If both A, & A, occurred

0, = A,cos(X’X) + A, cos(X’Y)

Similar at end B

6, = A cos(X’X) + A, cos(X’Y)

Writing in Matrix form:

0, = A, cos(X’X)

N

[y

5 cos(X’X) cos(X’Y) o 0
1

N
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(o)
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& © o cosX¥) cos(xy) Global to local

transformation matrix
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)
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F, = f,cos(X’Y)

F, = f, cos(X’X)

Writing in Matrix form:

F, = f,cos(X’Y)
)
>

F, = f,cos(X’X)

- 5 rcos(X X)
F7
F, _ cos(X’Y)
F; o
F 0

~ 4 k

(@)
(@)

cos(X’X)
cos(X’Y)




Finally, we write the global forces in terms of global displacement

1

o () (1T

) 14]

Member global stiffness matrix

Carry-out the matrix multiplications:

< =

AE

/

A7 Ay -17 - A,
Ay A, - A, -4
—A7 -4, % Aty
- A, -4 Ay 2,7
Ay = cos(X’X)
A, = cos(X’Y)

AN

NN N
W

AN

-

(14.16)



Since only joint A can displace, only subscripts 1 and 2 pertain to dis-

placements.
Now we develop the global force/displacement relations for each
EXAMPLE 14.2.1 member, using Eq. (14.16). For member AB, letting A be the far end, we
Analyze truss ABCD using the displacement method. ‘ use Egs. (14.9) to get the direction cosines,

8-0

48 kips c08 (x'x) = —=— =0471 (X far — X near)/L

cos (¢y) =" =082 (Y far — Y near)/L

and combine them with

AE =9 X 10 kips AE 9 x10* ;
for all members i T = 5294 kips/ft

in Eq. (14.16). The order of the subscripts that follow may seem peculiar. It
is the result of our listing the near end displacements first. Thus

] Gl
l<~8ft—4<-——18ft__>[ F; 1174 2199 Ll 21997 (A,

g 2199 4118 —2199 —4118 ||A,

Figure 14.6 o Sepdatoxiviing . 11741 2199} A
Ity L0941y 2199 4lIRINA,

First we establish a global coordinate system. For this structure we will A similar sequence is followed for member AC, with end A again used as

use traditional x, y coordinates with origin at B. Then we assign subscripts the far end,

serially from 1. The first ones are assigned to the unknown displacement g_38
components, after which subscripts are assigned to those x and y joint or cos (x'x) =—5— =0
support components that are constrained against motion. Thus the i
subscripting is as illustrated. cos(xy)=—— =

AE 9 x 10* kips

=" ——— =6000 ki
y Eb B 151t gt
Fs 0 I d) 0 As
Fe il B 6000 0 —6000 |[Ag
gl g Q0 Rl AY
o Fy)4c LO —6000 0O 6000 LA,
LB e Fg, Dg Again the peculiar sequence of subscripts arises from listing the near
end first and then the far end for member AC.
Finally for 4D, with A again the far end,
B e ST
Fa,Dq Fs, b5 Fa. D9 il cos (x'x) = —0.769
: cos (x'y) =0.640
Figure 14.7
AE

T = 3841 kips/ft
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